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Newton-Laguerre i1iteration

1. Introduction

Laguerre's formula 1s cubically convergent, provided one uses the

right guess of the multiplicity of the zero. B. Parlett [2] assumes
in his procedure for calculating the eigenvalues of a Hessenberg
matrix that the multiplicity of the eigenvalue is either one or two,
the latter 1n the case that convergence is slow.

The purpose of this paper is to show how the multiplicity may be
estimated by means of a Newton formula. If this multiplicity, or
rather the integer nearest to it, is used in Laguerre's formula,

we get cubic convergence for multiple zeros also. The suthor has
done some experiments with this formula and has the impression that
the method i1s favourable if many zeros are multiple or in clusters.
In sections 2, 3 and L4, some formulas are derived and some theorems
about the order of convergence are proved. It is assumed that the
given function f is sufficiently may times differentiable in a
neighbourhood of a zero r of f, so that it makes sense to speak
about the multiplicity of that zero and about Taylor expansion. As
to convergence, only the local convergence, i.e. convergence in &
sufficiently small neighbourhood of r is considered.

Section 5 discusses the choice of the two parameters, p and q, in
Laguerre's formula and section © gives some practical upper bounds
for the error in the case that the function is a polynomial.
Section 7 describes some features and results of an ALGOL 60 program

for calculating the eigenvalues of a real matrix.
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2 o La,guerre 's formula

To derive this formula, we start from the interpolating function

5.1 £ (z) =c(z - a)P(z - b)d

and choose, for given p and g, the parameters a, b and ¢ such that the
% » » o Y
values of f and 1ts first and second derivative are equal to those

of the given function f. Let

242 S, S £'(z)/f(z) , S, = s? - f'"(z)/f(z).

We then find

ds
=3 S‘l. Z~ 8, z-bD 2 52 Az 2 " 2
(z-a) (z=Db)
Putting S, =P * q and eliminating b, we obtain Laguerre's formula

for the next iterate a, which we call L(z):

2. e =Lz) =z - s /s, +\lwp)isgs, - s°) ).

Herein, we choose the sign of the square root such that the absolute

value of L(z) - z is minimal.

We then have for the Laguerre iteration L, 1i.e. the iteration which

1n each step replaces z by L(z), the following

2.> Theorem. The Laguerre iteration L converges cubically in a

neighbourhood of a zero r of f having multipliecity m, if p and q
satisfy

\ 2

2¢5.1 p=m+ O(z ~-1r) , q > constant > O.
Proof. For convenlence, we shift the root r to the origin. Then
s,! = % + 0, Where o tends to a finite wvalue and 82 = (m + Q(ZE.) )/ 2 .

The condition on p now reads p = m + O(zg) and we have

L
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Z\/(q/p)(sosg — sﬁ) =

a(q - 20z) + 0(22) = q - 0z + 0(z

(q/m)(som.m m - 2moz) + O(Zz)

2

I

) «

So we find for the Laguerre iterate (we have to take the + sign,

since m and q are both positive):

L(z) = 2 - soz/(m + oz + (q - oz) + O(zz))

2 3),

= 7 - soz/(so + 0(z7)) = O(z
If the sign of the square root is chosen the other way, the same
theorem holds but for the condition on g which has to be replaced
by '"g < constant < 0".

If, however, the condition on p is replaced by p =m + 0(z - r)

the convergence 1s only quadratic.

3. Newton's formula

Let now

o

3.1 £ (z) = c(z - a)F,

1n which a and ¢ are chosen such that f*‘and f have equal function

value and derivative at z. Then we have

3.2 s, = £'(z)/£(z) = p/(z - a)

and we obtaln Newton's formula for the next iterate a, which we call

Nb(z):

3.3 g = Np(z) =z - p/sj.

3.4 Theorem. The iteration NP converges quadratically in a neighbour-

hood of an m~fold zero r of f if p =m + 0{z - r). Moreover, if the

Taylor series of f 1is



_ B . m.
30)4--] f(Z) - a,m(z - I") + a'm.]..’!

and p satisfies

a.
m++ 1

&
m

then the convergence 1s cubic.

3.4,2 P =m + (z = r) + 0(z - T)Q,

Proof. We again shift r to the origin. Then we have

. 7 %m+1 7z 2
] e Bl S — ] — — |
/81 £f(z)/f'(z) nl(‘ — — + O(z")).

Let p =m + pz + Of 2), then

NP(Z)mZ-Z(',I +]_1-I"I"1*_)(] - -

Il
=
+

50 the convergence is cubilc, 1f u

,and otherwise quadratic.

L. Formula for the multiplicity

We agaln start from the interpolating function (3.1), but we now

choose  the parameters a, c and p such that the wvalues of‘fﬁ-and.

1ts first and second derivative are equal to those of f. Then

b7 S = p/(z - a) , szzp/(z—-a)z.

lence, we have for p and the next iterate a = M(z) (say):
L, 2 p = 82/8

b3 a,

]
=
N
1
N
|
£,
™~
_}U)
]
N
|
)
~
f}



(This 1s, in fact, the ordinary Newton formula NT(Z) for the
function f(z)/f'(z).)

L.4 Theorem. The iteration M converges quadratically in a neilghbour-

hood of a zero r of f and the values p converge linearly to the
multiplicity of r.

Proof. Let f have the Taylor expansion (3.4.7). Then it easily
follows that

&,
e s‘f/s2 =m+2 =0 (z - 1) +0(z - 1)
m

Thus, p converges linearly to m and, according to theorem (3.4),

the convergence of the iteration M 1s quadratic.

5. Choice of p and g in Laguerre's formula

We may choose p according to (4.2) and use this value in Laguerre's
formula (2.4). Since condition (2.5.1) is not satisfied (cf. hoho1),
we obtaln not cubic, but only quadratic, convergence. In fact, the

formula thus obtained is equivalent to Newton's formula (L4.3).

In order to obtaln a cubically convergent process, we must therefore
use a better estimate for the multiplicity. As the multiplicity is
an 1nteger, we may simply choose p as the integer which is nearest

to sf/sg. If we are sufficiently near the limit, this yields the

correct value and we get cubic convergence.

I, on the other hand, we are not near the limit, it may very well
happen that this value for p 1s useless, either because it is

negative or O (which happens often if f has non-real zeros) or because,
in the case that f is a polynomial, it exceeds the degree.

In these cases, the most obvious choices for p seem to be p = 1 or

P = degree, respectively.

In this way, we may obtain a negative argument for the square root

and thus a real start leads in a natural way to non-real iterates.



| 2 .o : :
Of course, then s]/s will become non-real also, 1n which case we

2
simply disregard 1ts imaginary part for the determination of o

AS to the choice of g, reasonable values seem p and « or, in case
of polynomials, degree-p. In the latter case we should avoid the
sltuation p = degree, g = 0, since this formula would not converge
cubically; so it 1s better to take p < degree -1 and thus q > 1.

Summarizing, we obtain the following choices for p and q:

5 1f £ is not a polynomial:
P = the positive integer nearest to si‘)/s23
qQ = or g = p;
5.2 1f £ 1s a polynomial of degree n > 2:
p = the positive integer smaller than n nearest to 82/8

17722

@ =n-p or g =mnmin(n-p,p).

6. Upper bounds for the error of zeros of polynomials

If the given function f is a polynomial of degree n, we have the

following upper bounds for the error z-r, where r is the nearest

zero of f.
a) expressed in the Newton step Az = N1(z) - z (ef. 3.3):

b) expressed in the Laguerre step Az = L(z) - 2 (cf. 2.4), where p

satisfies 1 < p =« n:

6.2 q = n-p - lz -~ r] < (1 + L/Z(n- 1))]Az|,

6.3 g=2 > |z-r|=< \h |8z],
6.4 q '

Il

P+ |z - r | < n Az



We prove only (6.2).

In practice, however, they are good enough, especially (6.2 & 3).
So the criterion "|Az| smaller than a desired tolerance" seems +to
be a good acceptance test for zeros of polynomials. If z is near

the limit, we have |z - r| o |Az| and otherwise the error is at

worst only a modest factor times IAz

L]

It should be borne in mind, however, that no rounding errors are
considered here. Cancellation of figures may cause a much smaller
|Az| and thus a far too optimistic error estimate. This may
especlally happen near already accepted, and removed, zeros.
Therefore, 1t 1s important to avoid circles around the accepted
zeros during the iteration. This difficulty around the already
accepted zeros 1s, 1n fact, the most serious drawback of any non-

deflating method.

(. Numerical experiments

The author did some experiments with an ALGOL 60 program for calculg-
ting the eigenvalues of a real matrix. The main features of the

program are

a) The matrix is first transformed to Hessenberg form by means of
Householder's transformation.,

b) For calculating f, f' and f'" Hyman's method is used.

c) The iteration formula used is Laguerre's formula (2.4). where o
and ¢ are chosen according to (5.2).

d) The iteration is continued until either |Az| < norm x eps, where
eps 1S a given parameter and norm is the infinity norm of the

matrix, or the number of iterations exceeds a given number.



tiere, for the number of iterations, the program allows a higher
maximum 1n case of convergence, l.e. in case |Az| is decreasing,
then otherwise. (This strategy is inspired by J.W. Garwick's

procedure ''converge" [B] and an unpublished procedure for ilteration
control by R.J. De Vogelaere.)

e) Iterates outside the circle around the origin with radius the
1infinity norm of the matrix are rejected and replaced by a
sultable number on the edge of the circle. (This often saves

an lteration from divergence.)

f) Accepted zeros r. are removed by subtracting Z (2 =~ rj._)mk from.sk.
(k = 1, 2). Moreover circles around these zeros with radius norm ti-
mes glven parameter, eta, are avoided during the lteration, as
long as ]Azi 1s greater than 4 times this radius.

g) After accepting a zero (in fact either a real zero or s palr of
complex conjugates), the program calculates a start from the next
lteration by means of a Newton step (ef. Parlett [?I p-473). The
first start is L(«) with p = ' or, in an earlier version, L(0).

h) After accepting a non-real zero, the program accepts its complex
conjugate without any checking.

Ihe problem here is how to define non-reality. On the one hand,
one has to prevent an accepted conjugate pair from causing a
too-high multiplicity in a cluster of zeros, and on the other
hand, one wants to deliver complex conjugates pair-wise. In this
program the non-reality criterion is "Im(z) > norm x eta'.

1) In an earlier version not only the multiplicity p (ef. 5.2) was

used 1n Laguerre's formula, but also the limit of z was accepted

as a p-tuple zero, where p 1s the last value used. This, however,

yields difficulties, because, especlally in the last step, cancellation

?/52 and thus yield a wrong

multiplicity. If this multiplicity turns out too high, it ruins the

of figures may cause a useless value of s

whole subseguent calculation. A more fundamental objection 1s the
following. Because of the cubic convergence one may use a rather

modest tolerance and expect a much higher precision for the last



lterate. Thus one may accept the zero as a cluster of multiplicity
P 1n the prescribed tolerance, but not in the higher precision
expected. The newer version accepts each zero as a single one.

In case of a multiple zero r the Newton step A1Z (cf.(g)) usually
vanishes and thus the next iterate starts outside a circle around
r with radius norm x eta (ef.(f)). In case r is multiple, the next
lteration will again enter the circle and converge to r (this may

be considered a numerical definition of multiple zeros).

by means of the ALGOL systems of the Mathematical Centre, Amster-
dam, the Xl-system written by Dijkstra and Zonneveld and the X8-
system by Kruseman Aretz.

The test matrices used were,among others, Rosser's matrix of

order 8, Frank's matrix of order 12, Eberlein's matrix of order

16 (see Parlett [é]), and > tenth order matrices in Frobenius
canonical form. The results were correct and the number of iterations
was about the same as with Parlett's procedure Eig 3. A first 1mpres—
sion 1s that the program is favourable (as to the number of iterations
required) for matrices with clusters of eigenvalues. For matrices
with well separated eigenvalues, Muller's method, with its high
efficlency rate of 1.84, will presumably do better than Laguerre,

which has an efficiency rate of \3/? ~ 1.44. (Efficiency rate is the

order of convergence for steps consisting of one function evaluation,
more precilsely: if the order of the process is m and the number of

function evaluations per step is k, then the efficiency rate is

defined as QEGH:)

Mathematical Centre,

2e Boerhaavestraat L9,

Amsterdame.
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commant R 108y, TJD C¢CCOSO. Comnlex elgenvalues of real matrices.
The method used is Mowton - laguerre iteration.

Inpat: bigers, smwllers s LuXGliv, maxconv, then the motrices esoch Pre=
Ceded by Lts order, vnd finully the cond marker O.

Uutput: bigeps, smcllerns, mexdiv s maxeonv, then for each nmatri:::

11 detulls thon zreul, zimg, deltaz wnd paraueter p of each itercte,
moreover the order end the infinity norm of the matrix and the Spur of
the given matrix and the trunsforwed one s Subsequently rezl and imogi-
nury pert ol coch elgenvelue together with the error estimate snd the
number of itsrutions; wnd finelly the swo of real and lmeginary part
O the eigenvelues wnd the total nuber Of iterations ;

San gegm, transpoze, details;
1:2]3

comecnt [ilK cousse new line carriage return 3

PRINITFXT(s) prints the text between the outer quotes of the string s,
HBEFIXT(n,my x) prints £ us un unsisned fixed point number having at
o=t n digits before and m digits behind the decimal point,

print (x) prints x 2s o decimel floeting number having a 13 — digit
fraction «nd on cxponsnt of at wost digits ;

recl procedure SUM(A a0 9:;;’:) s value by Integer i,9,b; real x;
b . e i — 4._M.,,,, T —— R AN i W *
cgln red, So= Ug

T until b do s3:= o + x3 SUM:= 5

enad
real procedure INPRUD(1,s;byx,y); valus by integer 1,a,b; real x N
begin  real s; s:= O3

for i:= a step 1 until b 60 s:= 5 + %X X ys INPRUOD:= s
Cc TIPRUD 3

Lo e

rrocecdure com@igv&léug n, €, mw, re, 1lm, er, c, out; au}c);
e N o | 0o . g - s
value njg lnt2ger n; Orriy Ly &, re; iu, er, aux; integer array m; C;
[rocedure out;
begin integer ki rewl normj |
tlurceheoo{e, ny, 2l2)] A 3, norm, aux| 1] ¢= norm;
for Ke= 1 step 1 until n do
begin @unwull}%iﬁ(a, n, b, e, my, K, re, imy, out; am)?
crikle= aux[13): elkle= aux] i4]

end end coneigve.ds




procedure comvulhei(o, n; b, e, m, k, re, im, out, 4);
value n, k; intezer n; ki srray a, b, e, re, im, 4; integer array m;
procedure oul;

begin or g3 rowl vorw, spur, wy oarrey u, vilinl;

. . B L I
LA AR - AR NEROT

J:*“C‘T: 2dure 4o sz 3 |
bﬁ{ in if d,[ | %J " *“‘3‘[ 1 J then

cragion(alo], dlT7], k, re, im, norm, e[ 1]x.25);
Cllaiimn(u, Il b, d.l_élg d—[ 7]5 d[7] + Qs 2.9 U, V, d);
lm.@_mr“:rﬁ@(nak-ﬂ s Ky e, 1m, d.).;
al13)¢= sqre(al8] A 2 + a[9] A 2)/norm; out
end deltors
dl15]:= k3 norms= a[17];
i1l K = 1 then
begin al 1O] = SPUrs= SUM(jg 1, n [j,j]);
vi= (n=1) X (n x (SUM(J, 1, n=1, alJ,J] A 2
+ 2 > ulJ,J+1] X bl3l) + aln,n] /T\ 2) — spur /*\ 2) 5

1T w > O then
bogin alOT:= (spur

+ (1f spur > O then 1 else =1) X sqrt(w))/n;

al7T:= ©
2nd 2leg
begin d[6]:= spur/n; d[7]:= sqrt(-w)/n end ;
£0 TO Newroot

end. 3
if wbs(imfk-i]) > e[1] X norm A a[14] > .5 then

begin relkl:= re[k-1]; im[k]:= —im[k-1]; 4[4 T:= 0O;
dl3]:= =al3]; al5)e= =d[5]; al7]):= ~a[7]
cnd else
begin d[Cl:= a[2]x2; da[1]:= a[31x2; a[2]:= a[k]; al3]:= al5];
 laguerre(l, k=1, re, im, d);
newroot: dli13]J:= el1] X 25 d[14]:= C: out:
iter(deltaz,el2],m,13,d); relkl:= a[6]); im[k]:= a[ 7]
end end comvalhes:

MR LN RN

procedure iter(step, eps, max, n, X); value n, eps;

lnteger n; recl 2ps; integer array max; array X; procedure step;

begin Integer Jj, count; Boolesn conv; array OLDX[O:n];

count:= C3

next: count:= count+i; X[n+1]:= count; step;
conv:= if count = 1 then true else Xin] < .99 X OLDX[n];
if conv then for j:= O step | until n do OLDX[§l:= X[j1;
if ¥X[n) = 2ps A count < mex| if conv then 2 else 1 ] then

o g0 1o next;

if uLtX{n] < X[n] then

T for Jj¢= O step 1 until n do X{gl:= OLDX[ 3]

oo e e

end 1l1ter;



a a }:I
A
=

g

™ ﬁdﬁ ™ .:L:‘j'l : o Y YT . . - - - T " .

Lrocedurs luguerce(degroc, iy nim, 17, 1) ;
o - it . S - .

vilue degreo,k; late,

'!% . LY . " . t S w _ T —
i o {.g.. _— j ;;‘:Bb _
p P VT S mg g N o e

A2 %4 2. (v[0] » FL4 ] - F[1] x #[5]);
<3 B = (WO v [s) # #[0] % F[4]);
o= | 3Teln 1 wntil k<=1 Ao
LJis be= =IM[Jis d:= Wfﬁ'*'b/f@;
> el + b x p[1])/a;
e X rLil b x v[o])/e; eo= ws
= si-ng tle= tl-bj; 82:= s2-( M?ﬁb/{‘@): 2= t2-2XaxD

couruent tewporar; cmendiont:
if gequ A 2'm < degree then degrees= 2xm;
vi= (degreo-m)/m;

comsart{wv < (degrae ¥ 52 - 2}y w X (degree X t2 - b), 2, b);
1f 81T X o + 1 X b < 0 then begin o=
@i= Sl+us b= tl+b; Q= o L 2 + Db 4 £ T

| s X (L] + wrl1])/e;
= degres X (LXF{ 1] — b?b[OJ )/d-;
r= o xtCay Flle= padys FIS)e= axs FL9 = dy;

PLi1)s= m; Fl12]:= degres

e 0
i B
i
5-;}
" ¥,

p?oced.ure cregion(x, s Ky RE, 1M, norm, eps);
value K, norm, eps; integer k; rewl x s Ys norm, eps;
b@fﬁ’_n 2_ j; 2a 1 T@ltj.f\)j NChHsg

trt et

retios=sart((x/norm) A 2 + (y/norm) A 2);

1f ratio > T+¥>eps then begin x:= x/ratio; v:= y/ratio ond
Neps:= Cps > NOYM; T
Ior je= 1 step 1 until k=1 do

beg L3I 2 + (37T[J1) A 2 < neps A 2 then

bogin if (x--RE
Degin xs= X + 2 X neps; go to agein end

?

é
(L
o
-

''''''
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procedure chyisen(l y;n,Ly&,y,complex,myu, v, F); value n,x,y,complex,m;
Bool@dn c,u&a,p.lwz; integor nyw; real X,ys array A,B,u,v,F;

.

begin ...mmm ;i k s rot L £,43
 rroccdor? sLomont(uv,fg)s reul £fgi oarray uv;
buﬂn W;J.@ o3 inteaer j; ac= if k = O then O else k X uvlil;
uvlile= i 4 + n then fg/B[:L} else fg;
fge= &> wlil + & = INPROD(J,1,n,A01,3],uvljl)
cnd elinents
for ki= L SUop 1 until m do
ber, clan = 10 kK = O then 1 else C; gi= O
ior is= n step =i until 1 do
begiu clement{u,f); 1if complex then
begin @lome nt(vggy o= T=yXv 11i]; g:= g+yxuli] end
57 ¢ G-
Flaxkji= £5 Ploxk+1]:= g
end Criel chyivea g

Do o P e e e ema o R )

ro __ (}, cuascrt{e, b, rp, ip); valuec &; b; real a, b, rp, 1ip;
beo rpo= énCI““t( («..fb (c..) + sqri(a X a + b X b)) / 2?)9

— dipi=Dbi= if rp ¥ C thenb / rp / 2 clse O;

:1..!: w < U Tﬁan
Legin ip:= if b > O then rp else =rp; rp:= wbs(b) end

end comsart

RTINS

Y

nrocedurse tluaad. 1‘@:@@ n, €ps, norn, B);
value n, eps; :LIlb cer ni reel eps, norm; array A, Bj
begin integer 1, d,, k1; real w, alfa, tol, 't.olE, array Pli:n];
noIrme= |
for i:= 1 =ster 1T until n @O
begin we= SUM(J (1, & ‘HT{:J]))
tol:= eps X norm; tol2:= tol /i\ 23
for ks= 1 step 1 until n—li oo
begln kis= k+1; wi= o= INPROD(I,k+2,n,Al1i,k],Ali,k]);

if w - tol2 thon

begin Llkl:= sart{w + Alkl,k] A 2);
if Alkiyk] > O then B[k]°= — BlkJs
Tlki,kj:= Alki,k] — Blk]l; we= Alk1,k] X Blk];
for 1:= 1 s3tep ‘i until n do
T Pli]:= INPROD(3,ki,n,Ali,31,A03,k])/w;
o1fe = LUPROD(4, kl,n,A[l,k} Pl1]);
for J:= ki1 step 1 until n do
T3 )= (LPROD(L,k1,m,AL1,k],4A[1,3]) + alfa X AL§;k])/w;
for j.= K1 step 1 untll n do

RIS

begin for 1i:= ] btep T wntil k do
A[l,ﬂjj“’“ i ] Xﬁlj,k] +A[l,j]$
iur ic= k1 step 1 until n doO

T AMi,3):= AL1,k] % BLJl + Pli] x AlJ,k] + Al1,]]

ond end clse
bogin BLk]:= if abs(Alk1;k]) > tol then Alki,k] elee t01X0.5;

Alki1,k]:= O

:‘i‘.f w > norm then norm:= w end;

R

Ve

cnd <nd
Bin):= tol

end.. tfureahes
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geqm:= 1} Truc ; comment temporary smendment;
Cransposes= | truc ; details:= ] true

5
PRINTT NI
¥ bilgeps sma.Lleps mxdiv  moxconvy);

NiCR;

for i:= i, 2 do begin es[i]i= reud; print{es{i]) end ;

for i:= 1, 2 do begin ws[i]:= read; ABSF1XT(8,0, msli]) end ; NICH;
for n:= reed wvhile n % O do T

begin array mutrix{iin, ]E] sy ey, Imy ervalli:in], aux[0:17];
lnteger wrray cvall1:in];

rrocedure outlines

;:i’;£ detolls then

begin integer count;

- counts= aux[14]; print(auwx[6]); print{auw]7]);
1f count > O then

be, print(aux[13]); print(aux[10]) end ;

begin
LICR
end outline;
for i:= 1 step 1 until n do for j:= 1 step 1 until n do

1f transpose then metrix[j,i]:= recd else matrix| i yJle= read;
1f details then

vegin NLOR; PRINTTEXT(
¥ 2z reel z imag error pb
); NICR; NLCR
end ;

spur:= SUM(1i,1,n, matrix[i,i]);
comelgval{matrix,n, es,ms, re,im,erval,cval, outline, aux);
NLCR; PRINTTEXT(
forder norm spur spur transformed});
NLCR; ABSFIXT(L4,0,n); print(aux[17]);
print{spur); print(aux{i16]); NLCR; NLCR;
PRINTTEXT( _
4: real part lmaginary part error coun'td,*
)3 NICR; NICR;
for j:= 1 gtep 1 until n do .
ngn printz rel j ] 3 5 prin‘tﬁm[ Jj1); print(ervall jl);
ABSFIXT(4, 0, evallj]); NLCR

end
NLCR; print(suM(y, 1, n, re[J])); print(SuM(J, 1, n, im[Jj]));
PRINTTEXT ( d<imm sums —> 3);
ABSFIXI(L4, 0, suM(j, 1, n, cvallJl)); NICR
ena
end



Data nr. 1
" bigeps = °

" maxdiv =

1

~10+10+10+10+ 2~
~15+15+10+10+
-10 0+20+10+ 2
-5 0 0+25+ 1
-10+10+10+10-
~15+15+10+10~
-10 0+20+10- 2
-5 0 0+2b6-~ 1
-40+404+40+40+

=3
10

]

matrix of Eberlein of order '

0+
]

-60+60+40+40+12-12- 8-
-40 0+80+40+ 8 0-16-
-20 0 O0+,2+ 4 0 0-20-15 0 O0+75+
-40+40+40+40- 8+ 8+ 8+ 8-30+30+30+30-—
-60+60+40+40-12+12+ 8+ 8-45+45+30+30-
-40 0+80+40- 8 0+16+ 8-30 0+60+30- 6
-20 0 O+p2-4 0 0+20-15 0 0+75- 3 0 O0+15

16

' smalleps = °

' maxconv =

2-20 0+40+20+
o0-10 0 0+50+
2-20+20+20+20-
2-30+30+20+20-
2-20 0+440+20-
o-10 0 0+50-
8-30+30+30+30+
8-45+45+30+30+
8-30 0+60+30+

" matrix of Eberlein of order '

+15+11+ 6~ 9-15
+ 1+ 3+ 9- 3- 8
6~ 3-11
o— 3-11
+17+12+ 5-10-16

+ T+ 6+

+ T+ T+

" end marker °

184

?

16

6 =
4
2
4+

0+

10'"'6

- 2=204+20420+20+ 4—- 4-
- 2~-30+30+20+20+

6 —
00—
0

4+
6+
0+
0

6 —
9.

30

4~ 4
4~ 4
8~ 4
0-10
4+ 4
4+ 4
8+ 4
0+10
6~ 6
6~ 6

0-12- 6

1,
6+
9+

0-15
6+ 6
b+ 6

0+12+ 6



Output nr, 1
Ligeps
+., 9999999999994, -

order
16

real part
-+3000000000746 ,+
-+ 3000000000746+
-+0999999999105, +
-,0999999999105 ,+
~. 9000000000509 ,+
-.9000000000509 ,+
-.1199999999985 ,+
~.1199999999985 +
+.,3000000000052,+
+, 3000000000052, +
+.,4499999999971 , +
+.4499999999971 , +
+.6000000000006,, +
+. 6000000000006+
+.,1500000000001 ,+
+.,1500000000001 -+

+240

order

real part
+.,1500019082881 ,+
+,1000019082881 ,,+
+.1499981967787,,+
+. 1499981967787, +
-.1000000000075,+

+.5000002101267,+

3

norm
+4 20

AR AV I VI AV - T O R

N DD N NN

norim

17

smalleps
+,9999999999993,,~

Spur

6

+240

imaginary part
+,9999999979009,,-
~. 9999999979009, -
-.20000000040609,,+

+,2000000004009,,+

+,2999999998709,,+
-.2999999998709,,+
~.5999999999800,,+
+,3999999999800,,+
~. 10000000001 80,,+
+, 10000000001 80, +
~-.1500000000026,,+
+.1000000000026,+
~, 1999999999983, +
+,1999999999983,+
+,4999999998327 ,,+
~,4999999998327,,+

-0

imaginary part
+.3570720966396 ,+
-.3070720966396,+
~.3970707634317,,+
+,3070707634317,+
-.4235164736271,,~

~.4235164736271,~

S

21

21

+,6753525089633,—
+,6753525089633,,-
+, 0650517028877,
» 0600517028877,
+.2342138034103,,~
+.2342138034103,,~
+,1874531488239,,~ 13
+,1874531488239,,— 13
+,9667010237706,,—~ 10
+,9667010237706,~ 10
+,1080814464134,,~
+,1080814464134,,-
+,2055620514102,- 7
+,2055620514102,,—- 7
+, 7078564979711 ,—
+,7078564979711,,—

& e

+.2448380706389,,—
+,2448380706389,,—
+.1633034000587,,—
+.1633034000587,,—
+,1074449963813, -

&

maxdiv
10

maxconv
30

spur transformed
+,2399999999998,,+ 3

eryror

12
12

10
10

SUIms

~N 3 & & O O

—>

count
8
0
4
0
3
0
4
0
5
0
8
0
3
0
2
0

37

spur transformed

+, 500000000001

error

~N 9 G O

11

SUMms

-

op+ 1

count

w Q N O O



18
Diata nr., 2

I N S &

bigeps = o =3 ' smalleps = n—6
 maxdiv -’ 10 " maxconv = ' 30
" matrix of order E 10

1,0,0,0,-274,0,0,0,0.0
0,1,0,0,-225,0,0,0,0,0,
9,0,1,0, -85,0,0,0,0,0,
0,0,0,1, -15,0,0,0,0,0,
0,0,0,0, 0,-15,-85,-225,-274,-120,
0,0,0,0, 0,1,0,0,0,0,
0,0,0,0, 0,0,1,6.0,0,
0,0,0,0, 0,0,0,1,0,0,
0,0,0,6, 0,0,0,0,1.0

" matrix of order ” 10

0,0,0,-24,0,0, 0 ,0,
1,0,0,+50,0,0, 0 ,
0,1,0,-35,0,0, 0
0,0,1,+10,0,0, 0 ,

[=
»

o o o o
o
€SB
o
9

L
>

L
*

© © c o 0 © o
©
-

v
>

b
o

o

-~ o O 0 O o

* end marker 0



Output nr., 2

bigeps
+,9999999999994 .- 3
order norm
10 +719
real part
-.4000000001142 ,+ 1
-.2999999999276,,+ 1
-.3000000000586,+ 1
-, 2000000000156+ 1
-.1999999999194, + 1
-.1000060000009,,+ 1
-,9999999999873,,- O
-.4000000001979,,+ 1
-,4999999809937 ,+ 1
-.,0000000063090,,+ 1
-,2999999987541 ,+~ 2
order norm
10 +51
real part
+,2999999999822, + 1
+,2999999999975,,+ 1
+.1999999999889,,+ 1
+.2000000000040,+ 1
+,2000000000367,,+ 1
+,9999999999873,,—~ O
+.1000000000016,+ 1
+,1000000000024,,+ 1
+,100000000001i1,+ 1
+.4000000000029,,+ 1
+, 2000000000015+ 2

19

smalieps maxdiv  maxconv
+,9999999999993,,- 6 10 30
spur spur transformed
-30 -30
imaginary part Error count
-0 +.,4410824423796,,~ 6 3
-0 +, 3028075981486, 10 5
-0 +,9682899702787,,- 12 4
-0 +,2635621555004,,- 9 4
-0 +.,4646842353033,,- 6 3
-0 +,1621215430338,,~ 7 3
-0 +,1132137445867 ,~ 7 3
+,3803820784243,,~ 8 +,90473232283765,,— 11 3
+.3196600908417,- 6 +.7111538700240,~ 6 2
~-,1067892507578,—~ 6 +.3452325040621,,~ 9 2
+.2167246608681,,~ 6 <-- sSums —_ 32
spur spur transformed
+20 +20
imaginary part error count
-0 +,3851244955744,,— 6 3
-0 +.4885304315094,,- 6 2
-0 +,1576667007328,,~ 6 4
-0 +,1453166015508,,~ 6 2
-0 +,2902244399922,,~ 6 2
-0 +, 3782999241624~ 13 3
-0 +,6975864637336,,—~ 13 2
+, (877719969151~ 11 +.1101349393105,~ 11 2
—-.0213490731619,— 10 +.3541685416629,,~ 11 2
—-. 0001115123126~ 16 +,.1318828655477,~ 7 2
-, 4425724235819~ 10 <— sums - 24



20
Data nr. 3

v bigepS - ! 10“""‘4 f Smalleps - ! 10"""‘“6
" maxdiv = ' 10 " naxconv = ' 30

" matrix with double eigenvalues -5(1)-1, the order is * 10

0O 0 0 0 ~360 0 O O0 O 120
3 0 0 0 -82 -1 0 0 O 274
0O 8 0 0 -675 0 -1 0 0 225
0O 0 3 0 -2 0 O -1 O 85
O 0 0 38 - 45 0 0 0 -1 15
O O O o0 -480 0 0 O0 O 120
4 0 0 O -1096 -1 0 O 0 274
0O 4 0 O -900 0 -1 0 o0 225
0O 0 4 0 -340 0 0 -1 O 85
O 0 0 4 - 60 0 0 0 -1 15
" matrix from a 5-th order matrix of Eberlein, the order is ' 10

30 22 12 -18 -30 -15 -11 -6 9 15
2 6 18 -6 -16 -1 -3 -9 3 8
14 12 12 -6 -22 -7 -6 -6 3 11
14 14 10 -6 -22 -7 -7 -5 3 11
34 24 10 -20 -32 -17 -12 -5 10 16
15 11 6 -9 -15 O
1 3 9 -3 -8 0
6 6 -3 =11 O

| ( 0
17 12 0

Cr Q1
o

o

l

o

ek
e o o O
e © O O
S O O O O

' end marker ' 0



Output nr, 3

21

bigeps smalleps maxdiv  maxconv
+. 9999999999999 - 4 +.9999999999993, - 6 10 30
order norm Spur spur transformed
10 +1375 ~-30 -,2999999999983,,+ 2
real part imaginary part error count
-.3999899733910,+ 1 +0 +,1580279266116,,— 6 3
-.4000005259033,,+ 1 +0 +.,4172092563422,,—- 6 2
-.3000027706683,+ 1 —.7296685768499,~ 4 +,0343925570865,,~ 7 4
—.2999984608075,+ 1 +.5491460202955,- 4 +,2939639197688,~ 6 2
-+2000014592817+ 1 -.2302103213440,— 6 +,8979248888795,,~ 8 4
~.19999832579344+ 1 +.1703961456778,~ 6 +,2222638813894,,—~ 6 2
-, 9999999589027~ 0 -,4762801672581,,~ 5 +,3444804070472,,~ 8 3
—-. 9999999957927 - 0 +.7523237179584,— 5 +,2007604636096,,— 8 2
-.0000000003070,+ 1 -.1419928190858,— 3 +,7507035066522,,— 8 4
-, 4999999995700+ 1 +.1345993837996,— 3 +.,0403373434417,,—~ 8 2
—-.2999991511193+ 2 -,2274506961042,,— 4 <—— Sums - 28
order noxr m sSpur spur transformed
10 +1 80 +10 +.1000000000007,+ 2
real part imaginary part error count
+.1500002361647,,+ 1 +.3570709487936,+ 1 +,1828237746628,- 7 6
+.1500002361647,+ 1 -,3570709487936,+ 1 +,13828237746628,~ 7 0
+.1500016387492,+ 1 -,3570737931019,+ 1 +,5899138871583,- 6 4
+.1500016387492,+ 1 +.3570737931019,+ 1 +.5899138871583,~ 6 0
+.1499824760253,+ 1 +.3570814503051,+ 1 +,5708445962160,—~ 6 2
+.1499824760253,,+ 1 -.3570814503051,,+ 1 +, 0708445962160~ 6 0
+.1500013385417;+ 1 -.3570508061923,+ 1 +.6120317852755,,~ 6 2
+.1500013385417,,+ 1 +.3570508061923,,+ 1 +,6120317852755,,~ 6 0
~-. 9999840087548~ 0 +.6331372925938,,— 11 +. 9083298989051 ,~ 7 6
-.1000014427047,+ 1 -.1582765984939,,— 12 +, 8855455801551,,—~ 8 2
+, 9999715353828+ 1 +.6173096327445,— 11 <—- SUMmMS —_ 22



